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Abstract

This manuscript studies a general approach for constructing confidence sets for
the solutions to stochastic optimization, rendering empirical risk minimization as a
special case. Statistical inference for stochastic optimization poses significant challenges
due to the non-standard limiting behaviors of the corresponding estimators, which
arise in settings with increasing dimensions of parameters, non-smooth objectives, or
constraints. We study simple and unified methods that guarantee validity in both
regular and irregular cases. We provide a unified treatment of validity, conservativeness,
and diameter bounds of the resulting confidence sets. We study applications to several
high-dimensional and irregular statistical problems. Numerical results for all statistical
applications are provided.

Keywords— Honest inference, Adaptive inference, Irregular M-estimation, Non-standard
asymptotics, Extremum estimators.
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1 Introduction

Many statistical parameters of interest are defined as solutions to population-level optimiza-
tion problems. Classical examples include maximum likelihood estimation, generalized linear
models, regression, and density estimation. More recent examples include machine learning
algorithms and penalized estimation in high-dimensional settings. A unified study of infer-
ence for optimization-based parameters, therefore, has broad applicability across statistics
and machine learning.

Deferring formal definitions to Section 1.1, let 6y denote a minimizer of a population
objective Mp(f), where 6 € O is the parameter and the subscript P indicates dependence
on the unknown data-generating distribution. One example is Mp(6) = Ep[¢(Z;0)] for a
loss function ¢ with observation Z ~ P. This subsumes many risk-minimizing algorithms
through different choices of ¢, ©, or dependence structure. The goal of this manuscript is
to study honest confidence sets (3) for 6y under mild assumptions on P, the geometry of ©,
and the structure of Mp.

Despite the apparent simplicity of the problem formulation, inference for general stochas-
tic optimization remains challenging. To illustrate, consider Mp(0) = Ep[l(Z;0)] with a
unique minimizer 6y, estimated by its empirical counterpart:

- 1
Oy — argmin — 3 0(Z::60) g Ty I 1
N ar%;énn NZ; ( ) given {Z; N} (1)

Traditional inferential tools include (i) Wald methods and (ii) resampling methods, such
as the bootstrap and subsampling. Both require that a scaled quantity rN(éN — fy) con-
verges in distribution for some diverging ry. Under strong regularity conditions and in
low-dimensional problems, v/ N (fy — 6) is asymptotically normal (Huber, 1967). These
conditions, however, fail in many contemporary problems: when © is high-dimensional or
constrained, the rate ry or the limiting distributions of #y can be intractable. In such
settings, neither Wald nor resampling methods remain viable.

1.1 Problem setup

Let {Z1,...,Zn} be a possibly dependent stationary sequence with common marginal P € P.
Given a criterion M : © x P — R on a metric space (0, | - ), write Mp(d) = M(0, P) at
fixed P € P. The parameter of interest is

G(P) := ar%ergin Mp(6), (2)



which may be set-valued when the minimizer is not unique. The goal is to construct a
confidence set Cly , such that

lim sup sup MCP((/]\IN@) < o where MCP((/J\IN@) = sup Pp(f¢ é\IMa). (3)
N—ow  PeP 0ef(P)

This is the standard notion of (asymptotic) honesty (Li, 1989) where validity holds uni-
formly over P. Without such uniformity, confidence sets can be anti-conservative along
certain sequences of distributions (Potscher, 2002). On the other hand, finite-sample hon-
esty is generally unattainable without strong restrictions on P (Bahadur and Savage, 1956).
Although we target an asymptotic guarantee, we provide finite-sample bounds on MCp(+)
for all methods, regardless of the dimension or complexity of ©. This property has recently
been termed dimension-agnostic (Kim and Ramdas, 2024). See also Robins and van der
Vaart (2006).

1.2 Motivation and prior works

The primary goal is to study confidence sets that satisfy (3) without strong distributional
assumptions. This precludes traditional approaches that rely on asymptotic normality or
any specific limiting distribution. The following settings are representative examples where
traditional methods fail, yet fall within the scope of the framework studied here.

1. High-dimensional linear regression: Inference for OLS is surprisingly complicated
when dimension d is large. Asymptotic methods fail due to a bias of order d/N'/2
(Mammen, 1993). Bias-corrected alternatives exist, but typically require growth con-
ditions on d (Cattaneo et al., 2019; Chang et al., 2023).

2. Non-smooth objective and constrained optimization: When Mp(#) is non-
smooth, the limiting distribution of the empirical minimizer can be non-standard (Knight,
1998). A canonical example is quantile regression, whose limiting distribution depends
on the unknown smoothness of the response CDF. Structural constraints such as spar-
sity or shape restrictions also complicate inference. This includes popular regularized
minimizers, such as the Lasso, ridge regression, and the Dantzig selector, for which
existing inference methods require strong assumptions (van de Geer et al., 2014).

3. Cube-root problems: Kim and Pollard (1990) identify a class of problems where
the empirical minimizer exhibits cube-root asymptotics, including Manski’s estimator,
the Grenander estimator, and classification problems. Inference for these problems is
challenging, and the bootstrap is inconsistent (Sen et al., 2010). Modified problem-
specific procedures have been proposed (Cattaneo et al., 2020).

Contributions. This manuscript studies alternative inference based on two classical ideas:
risk inversion and sample splitting, which can be implemented without reference to the limit-
ing distribution of an estimator. The confidence sets studied here are not new: risk inversion
for irregular inference appears as early as Stein (1981). See Section S.1 of KT26 for further
historical accounts on this subject. Sample splitting has seen renewed interest in several



recent works (Robins and van der Vaart, 2006; Wasserman et al., 2020; Kim and Ramdas,
2024). The primary contribution is a new analysis of these ideas under greater generality:
(1) a systematic dimension- and complexity-agnostic validity guarantee; (2) diameter bounds
under mild conditions; (3) applications to challenging inference problems. Together, these
results advance honest and adaptive inference for stochastic optimization.

Remark 1. Sample splitting also appears in double machine learning (DML) (Chernozhukov
et al., 2018), but its role there is fundamentally different. At its core, DML relies on
influence-function expansions and asymptotic normality, whereas the framework here is de-
signed precisely to avoid such assumptions.

Organization. The manuscript is organized as follows. Section 2 defines three confidence
sets to be studied; Section 3 presents general results for dimension-agnostic honest validity;
Section 4 provides diameter bounds; Section 5 provides applications to high-dimensional
mean, regularized regression, and Manski’s discrete choice model with both theoretical and
empirical results. Concluding remarks appear in Section 6. This manuscript is a condensed
version of Takatsu and Kuchibhotla (2026), henceforth referred to as KT26. Formal proofs,
additional references, and additional results appear in K'T26.

2 Construction for General Stochastic Optimization

The intuition behind the construction is simple. Any 6y € §(P) always belongs to the oracle
set {6 € © : Mp(0) < Mp(é\)} for any 6 € ©. This set is infeasible since Mp is unknown.
Given an estimator of the objective function 6 > M(f), Vogel (2008) consider sets of the form
{eO: M(G) < M(@) + Ya.n}- This construction involves two estimators: I\\/[[(Q) and 6. The

validity of this set depends on the complexity of © when M(6) and § are constructed from the
same data. Sample splitting reduces this dependence, even under dependent observations.
We formalize the idea below.

Sample splitting. Let N > 1 and partition {1,..., N} as:
L ={l,...,n}, Igp={n+1,...,n+r}, and L={n+r+1,...,N}, (4)

where n, 7 > 0. Throughout the rest of the manuscript, we assume that r satisfies N = 2n+r

so |I1] = |I2] = n, but the framework allows more general partitions. Write Dy = {Z; : i € I,}
for ¢ = 1,2. The gap I4,), is discarded to reduce dependence between D; and D, under
mixing; setting r = 0 suffices under independence. From D;, construct any estimator

01 := 01(D;) € ©. From Dy, construct an estimated criterion, My (6) := My (6; Ds).

2.1 Definition of confidence sets

Fixing o € (0,1), we define three confidence sets.

Median set. The median set uses a zero threshold:
Cly = {e €0 : My(0) — Ma(h)) < o} . (5)
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The CLT-based set. Let %761 be any estimator of the variance of My(6) — M (¢') for
0,0' € ©. The CLT-based set inflates the threshold by a normal quantile:

—~CLT

Clyg = {0 0 My(0) ~ Ma(8) < 2007, 2} where B(N(0,1)<2)=q.  (6)

HulC. The Hull-based confidence set (Kuchibhotla et al., 2024), or HulC, uses set ag-

gregation. Take B := [log,(1/a)], and partition {1,..., N} into B + 1 consecutive bins
Il,[é;%),fél),...,[éaBp),IéB). For simplicity, we assume that \Ig(éz)\ = r for all j with |[;| =
1] = m satisfying N = Br + (B + 1)m. The framework allows more general partitions.

Construct 0 using {Z; : i€ [ 1} Then, construct the median set using an estimated criterion

M(])(G) based on {Z; : i € IY} for 1 < j < B, with 6 shared across the B constructions.

The final set is a union of B such sets
1l D) ~aMed,(5)
Cly, == O, . (7)

The number of aggregated sets B is determined by « alone with no hidden constants
and does not diverge with N; for instance, B = 4 at o = 0.1. The CLT-based set requires
estimating Ve 5,» while HulC avoids variance estimation entirely. The forthcoming section
establishes that the CLT-based set and HulC satisfy (3) at level a; the median set is valid
at level 1/2. We present below a simple result comparing the three sets.

Theorem 1. The following deterministic results hold.

—~Me = 1
|J Clxa=Cly,p=Cly = (] Cly. Vo< (8)
' 2
a€[1/2,1] a€lap,1/2]
If O, = arg ming g Mg(ﬁ), then
~ ~ —~Me = 1
{6} UG, = Cly < Cly, Vo< 5 9)

In particular,
_~cLT ~Med ~cLT
MCp(Cly/5-5) < MCp(Cly ) < MCp(Cly 1 0,5) Vo€ [0,1/2]
~ A~ —~Med —~CLT
Diam({61} U ©;) < Diam(Cly ) < Diam(Cly ;. 5) Vd€[0,1/2] and (10)

—~Hull —~Med, (j))
’

Diam(ClIy, ) <2 Jmax Diam(CI,,
where the diameter of a set A in (0, |-|)) is defined as Diam|.|(A) := sup{|la—b|| : a,be A}.
The result holds for general norm | - | and we write Diam(-) = Diamy.|(-).

Theorem 1 follows from the definitions and provides deterministic relationships among
the three confidence sets. We frequently refer to these geometric properties.

Remark 2. An alternative construction based on concentration inequalities, such as Ho-
effding’s, Bernstein’s or Bennett’s inequality, is possible under additional tail structures of

M (0) — Mg(é\l); see Section S.10 of KT26.



3 Honest Coverage Guarantees

To state the validity results, we introduce several key objects.

Mixing coefficient. For a sequence {Z;};2,, define

B(k) i= sup B [sup {|P(A | FL0) = P(A)] : Ae F}] (11)

where ]-"f is the o-algebra generated by {Z;,...,Z;}. Under independence, 5(k) = 0 for all
k = 0, and under m-dependence (Hoeffding and Robbins, 1948), 5(k) = 0 for all £ = m
Many relevant processes, including ARMA/GARCH models, satisfy f(k) — 0 as k — oo;
see Bradley (2005). Mixing sequences can be non-stationary (Fryzlewicz and Rao, 2011).

Curvature and MSE. For § € O, define the curvature and MSE as
Cp(e) = Mp(e) — QolerﬂlfP) Mp(eo) and

Vp(0) = ot Ep[|(Mz — Mp)(0) — (My — Mp)(60)[*].

(12)

The difficulty of estimating the minimizer is characterized by the behavior of § — Ap(6),

where
Ap(0) :=Cp(0)/A/Vp(0) (13)

Larger Ap(f) corresponds to easier estimation. Estimation is easier when Cp(#) is large and
Vp(0) is small; see Figures 1la and 1b. These quantities are defined for fixed 6 € ©; evaluated
at random 6; € ©, they become random variables. We write

Cp=Cp(d), Vp=Vp@) and Ap=Cp/ Vi (14)
A special instance of our framework is M-estimation, where

Mp(0) = Ep[((Z;0)] and M(0) =n~' Y (Z;;0). (15)

iEIg
To provide intuition, we compute C P, @p, and A p for two simple M-estimation problems.

Example 1. Mean estimation. Let Zy,...,Zyx have mean 0y and covariance ¥ where
U(Z;;0) = | Zi — 0|%-,. Under independence,

4 9 - 9 2 —1 Q - Q -

Cp(0) =0 — o351, Vp(8) = %, and Ap(0) = vl 5 ol}= L (16)
Maximum likelthood. Let 6y minimize the KL divergence to the working parametric model;
that is, ((Z;;0) = —logp(Z;;0). Under standard reqularity conditions and independence,
locally near 6y,

N E N AE —
Cot) = Py < P g g0y < VIO ke )



Sharp Curvature (Easy) Flat Curvature (Hard)

+0.62

(a) Large (left) and small (right) curvature near 6y. The shaded region identifies {6 :
Mp(f) — Mp(6y) < €} for a margin ¢ > 0. Large curvature concentrates this region
tightly around 6y, so a modest € rules out distant parameters. Small curvature means
the criterion is nearly flat: one must take € much closer to zero to achieve the same

localization.
Small MSE (Easy) Large MSE (Hard)
1.00 1} '
-5 0.75 -
<§I 0.50 -
§ 0.25 A
<=
0.00 -
T T T T T T T T T T
1.0 0.5 0.0 0.5 1.0 1.0 0.5 0.0 0.5 1.0
6-6,

(b) Small (left) and large (right) MSE near 6y. When MSE is small, M is a better
estimator of the population objective Mip. Hence, the corresponding empirical minimizer

is more concentrated near 6.

Figure 1: Pictorial description of the roles of curvature and MSE for 6(P) = {6,}.



where Lp denotes the Fisher information matriz.

The curvature bound holds under dependence without modification. The variance under (-
maxing follows from the covariance inequality for B-mixing sequences (Rw 2017, Eq. 1. 121))
In both cases, Ap = fHGl 0o||/2 in the appropriate norm. The ratio Ap is large when o,
converges slowly, and tends to zero when 51 converges strictly faster than /n.

Proposition 1. If 8, is inconsistent for O(P), i.e., Cp # op(1), and 6 — MQ(H) converges
in Ly to 8 — Mp(0) for each 0, then Ap 2 0.

Proof. This follows directly from the definition Ap = C p/i\/;/Q. m

3.1 Honest validity for hull-based confidence sets
Theorem 2. The following bounds for miscoverage (3) hold:

MCp(Cly)) < Ep[min{l,é}]—i-ﬂ(r) and

Hull (18)
MCp(Cly, ) < Ep[pi="™] + logy(2/a) 5(r)
< a x Eplexp (21ogy(2/a){pm — 1/2}1)] + logy(2/a) 5(r).
where Pm = SUpeoee (90 ¢ CI | Dl)
Theorem 3. Assume My(0) is unbiased, i.c., Ep[My(6)] = Mp(6). Then
MC(TTY) < Bp | ——| + (1) (19)
< = ).
e "l A%

Both results are general: they are finite-sample and do not require uniqueness of 6(P),
independence of observations, or any structure on Mp. In particular, no smoothness of Mp
is assumed, so the results apply to constrained optimization where Mlp may be discontinuous
on the boundary of ©. The only requirement is finite second moment of My — Mp so that
Ap is well-defined, and even this can be relaxed; see Remark 3 below.

The miscoverage bounds depend on Ap. When Ap 5 o0 (see, for instance, Proposition 1)

the median set and HulC are valid at any level « since MCP(G\I?\? ) and MCP(CINQ) both
tend to zero, meaning they are conservative. Validity of HulC at level a requires the median
set to be valid at level 1/2. This holds whenever A% > 2 under Theorem 2 and A% > 1
under Theorem 3. R

Theorems 2 and 3 establish honest validity (3) for general settings whenever Ap is suffi-
ciently large. A limitation is that validity is not implied for small Ap. Section 3.2 establishes
validity for all Ap > > 0, under additional moment assumptions.

Remark 3. Theorems 2 and 3 rely only on Chebyshev’s and Cantelli’s inequalities and
therefore require finite variance. Under finite 1 + 6 moments, i.e., Ep[|(My — Mp)(0) —
(M, — Mp)(6o)|'*%] < o0, analogous bounds follow from Markov’s inequality with a minor
modification to the proof.



3.2 Honest validity for CLT-based sets

We next establish validity of the CLT-based set. First, we place the following assumption.

Assumption 1 (Non-uniform Gaussian Approximation). Let ®(t) = P(N(0,1) > t). For
any 0,0 € ©, there exists a universal constant C' = 1, a P-dependent function Kp(6,0'), a
scaling Vg (possibly random), and s = 0, such that

P <(M2 - MP)(6)~:/§M2 — Mp)(0') > t) —B(1)
Voo

_ CKp(0,0)
Cvn(L )

(20)

This assumption requires asymptotic normality of the estimated objective MQ(H) —MQ(Q’ ),
not of the minimizer. This distinction is important: the former requires far weaker assump-
tions. Since Assumption 1 concerns a univariate quantity, the approximation error decays
as n — oo regardless of the dimension of ©, in contrast to asymptotic normality of the
minimizer, which typically requires low-dimensional ©.

Assumption 1 is satisfied for many estimators Ms; results for general statistics are avail-
able with s = 0 under dependent data (Bentkus et al., 1997), and s = 3 under independent
data (Chen and Shao, 2007); see also Haeusler and Joos (1988); Hafouta (2022). For random
scaling \N/eﬁl, self-normalization results are also extensive (Bentkus and Gotze, 1996; Bentkus
et al., 1997; Fan and Shao, 2018).

For M-estimation (15), Assumption 1 holds under classical conditions. Suppose

Varp(((Z;0) — £(Z;0) = C1, Ep[|6(Z;0) — (Z;0)]*] < Cy, B(r) < Czexp(—Cyr).

Then under S-mixing, Assumption 1 holds with Kp(6,0") = (logn)?, ‘7979/ = Varp (Mg(@) —
Mz(G’ ), and s = 0 (Tikhomirov, 1981, Theorem 2); under an additional condition Ep[|¢(Z;6)—
U(Z;0)[*9] < C5 for some 6 > 0, Assumption 1 holds with Kp(#,0') = (logn)® and s = 4
(Tikhomirov, 1981, Theorem 4). For IID observations, Assumption 1 holds with

Ep[|¢(Z;0) — 6(Z;0')°]

Ke0.0) = Gottzo0) —tz oy Voo = Varr(Ma(0) = Mo(0)), and s =3.

Theorem 4. Suppose Assumption 1 holds with ‘79,9/ = Varp (MQ(H) — MQ(G/)) for s = 0.
Also suppose Mg(@) is unbiased for Mp(0) for all € ©. Then,

e L Kp(60,0
MCP(CID;Vd)< sup Ep | ®(Ap) + O (6o, 61)

60eb(P) V(1 + |Apl*)

+ B(r). (21)

Suppose instead Assumption 1 holds with ‘79,9/ = ‘7979/ used in (6) and s = 0. Then

—~ C -~
MCp(Clyn) < a+—— sup Ep[Kp(0y,00)] + B(r) forall ae(0,1).  (22)
’ V1 goeo(p)
—~Med —~CLT —~CLT —~Med
Note that for o < 1/2, it holds that CIy < Cly , and hence MCp(Cly ) < MCp(Cly ).

In this case, MCP((/]\I?\;TQ) tends to zero whenever MCp(é\IP;\?d) tends to zero. Bound (22) can
be improved using (21) and Theorem 1.



Since Ap > 0 almost surely, @(ﬁp) < 1/2. Writing the bound (21) as 1/2+Remp y+05(7),
Theorems 2 and 4 give

Med

—~ 1
MCP(CIN ) < 5 + RemRN + B(T)

C
MCP(CINQ) a+ —— sup Ep[Kp(by, 91)] + B(r) (23)
Vn 00e0(P)
—~Hull

MCp(Cly, ) < a x Ep[exp(2logy(2/a)Remp,y)] + log,(2/a) B(r).

All three sets therefore satisfy (3) as long as the remainder terms are negligible. Unlike
Theorems 2 and 3, validity holds for all A p = 0. When s > 0, large A p further accelerates
the decay of the remainder term.

Remark 4. Assumption 1 is stated at rate n="?, which often requires strong moment as-

sumptions. Under weaker moment assumptions, analogous results hold at a slower rate (Katz,
1963; Tikhomirov, 1981; Haeusler and Joos, 1988).

3.3 Summary of validity results and illustration

Assuming 0(P) = {6} for brevity, Theorems 2 to 4 together give

o Ep[®(Ap)] + Rempy + B(r)
MCp(Cly ) < Ep[l/a + A3+ B(r) (24)
Ep[min{1,1/A%}] + 8(r).

Since Ep[®(Ap)] < Ep[1/(1 + A2)] < Ep[min{1,1/A%}], each theorem provides a progres-
sively tighter bound under progressively stronger assumptions. When A p 50K p[@(ﬁp)] —
1/2, and Theorem 4 recovers an exact bound for the miscoverage. The following examples
illustrate the role of A p and the tightness of each bound.

Example 2 (Gaussian mean). Let N = 100, n = 50, r = 0, and Z1,...,Z100 1D from
N(0o,1). We study the median set for 0y by letting Mp(0) = Ep[(Z — 0)?] and Mg(@) =
n~' Y, (Zi — 0)*. Three choices of 6. are considered: (1) the constant estimator 6, = 0;
(2) Hodges’ estimator 0, = Z,1{|Z,| = n=Y4} where Z, =n='S._, Z;: and (3) the sample
mean 51 = Z,. Assumption 1 holds and Theorem 4 gives

iEIl

00.3/2

—~Med _ oA~
MCp(CI < Ep[P(A +Ep| ——m—Fn—
p(Cly ) <Ep[®(Ap)] + Ep n(l s AL

(25)

Direct calculation gives A% = n(@l — 00)2/4 and, in fact, A% ~ x2/4 when 0, is the sample
mean. s

Figure 2a displays empirical miscoverage of CIy over 200 replications (shown in dots)
and analytic values for Ep[min{l, 1/A H, Ep[1/(1+ A%)] and IEP[CT)(AP)] (labeled Thm. 1,

2, 8) for 6y € [0,0.5]. We observe Theorem 4 tracks the miscoverage closely for all 0y and 0,

10



Constant Hodges Mean

Miscoverage
o o
N I3
[6)] o

0.00

00 0.1 02 03 04 05 00 01 02 03 04 05 00 0.1 02 0.3 04 05
Values of true mean

. Sim. - Thm.1 -—-—- Thm.2 —— Thm. 3

(a) Empirical miscoverage under N(fp,1). Since Assumption 1 holds, Theo-
rem 4 tracks the miscoverage closely, confirming validity at level 1/2 across all
settings. When 0, is super-efficient (e.g., Hodges’ estimator near 6y = 0), mis-
coverage approaches 1/2. When 6; performs poorly (e.g., constant estimator
for 6y > 0), miscoverage tends to zero.

Constant

Miscoverage

00 01 02 03 00 01 02 03
Values of true mean

. Sim. e Thm.1 -—--—- Thm.2 —— Thm.3

(b) Empirical miscoverage under Bern(fp). For 6y near zero, Assumption 1
fails. Therefore, Theorem 4 is not a valid upper bound and miscoverage can
exceed 1/2. For 6 bounded away from zero, Theorem 4 tracks the miscoverage
closely. Since M is unbiased, Theorem 3 remains a valid finite-sample bound
throughout.

—~Med
Figure 2: Empirical miscoverage of CI, over 200 replications, shown in dots, alongside
analytic bounds from Thm.2, 3, and 4.
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with 1\/[CP(C/]\IMe ) < 1/2 up to the remainder. Theorems 2 and 3 provide valid but loose upper
bounds. The role of AP 15 also transparent. When 91 converges faster than /n, i.e., super-
efficient, Ap 20 and miscoverage approaches 1/2. This is visible for Hodges’ estzmator
near 6y = 0. When 91 performs poorly, Ap B o and miscoverage tends to zero, visible for
the constant estimator when 6y > 0.

Example 3 (Bernoulli mean). Consider the identical setup to Example 2 with {Z1, ..., Zioo}
IID Bern(6y) for 0y € [0,0.35]. Figure 2b displays the results. For small 6y, the Poisson limit
applies and Assumption 1 fails; Figure 2b confirms that Theorem 4 is not a uniformly valid

Med
upper bound and empirical miscoverage of Cly exceeds 1/2 in this regime. For 6y bounded
away from zero, Assumption 1 holds and Theorem 4 tracks the miscoverage closely. Since
My is unbiased regardless of whether 6y is small, Theorem 3 provides a valid finite-sample
bound.

We conclude by summarizing Theorems 2 to 4 in Table 1 below. All results hold for
general stochastic optimization under dependent observations, without restriction to M-
estimation or any specific structure on Mp. The validity is established by either checking
Ap is large or Assumption 1 holds, both of which require case-by-case analysis.

Bound Assumption  Median validity Asympt. Exactness
Thm. 2 Ep[min{l,1/A%}] Finite variance (2— A%), 50 No
N Finite variance; A2 N
Thm. 4 Ep[@(ﬁp)] Assumption 1 Any Ap >0 Yes

—~Med
Table 1: Validity results for the median set CI,, . The fourth column refers to the asymptotic
tightness of the bound on miscoverage.

4 Convergence Rates of the Confidence Sets

This section establishes non-asymptotic bounds on the diameter of the confidence sets, de-
fined as Diam.|(-) in Theorem 1. The deterministic lower bound in Theorem 1 implies that
the diameter cannot shrink faster than the estimation rate of 0y € arg ming o Ma(6). Hence,
the bound depends on the complexity of ©, in contrast to the dimension-agnostic valid-
ity established in Section 3. For problems where 6 is minimax-optimal, a matching upper
bound is established below. For M-estimation (15), 05 is known to be sub-optimal in several
constrained or high-dimensional settings (Kur et al., 2024; Aolaritei et al., 2025), and the
diameter bounds will reflect this sub-optimality. A possible remedy is to modify Mg; the
results below are general and do not assume a particular form of M.
We first obtain the simple lower bound.

12



Proposition 2. Fiz o < 1/2. When C/]\Ipﬁd is valid as established in Section 3, then with
—C —~Hu
probability greater than 1 — 2« Diam”.H(CI;’Ta) > Diam|.|(0(P)). The same holds for CIIJ{\,E.

Proof. This follows by applying the union bound on two points in 0(P). O
Proposition 2 implies that the confidence set will not shrink to a singleton set unless 6(P)

is itself a singleton. Hence, we assume 0(P) = {6y} to establish a diameter bound below.

4.1 Upper bounds for diameters

Assume 0(P) = {6y}. The following conditions are imposed at 6.
(A1) There exist constants ¢g,y = 0 such that Cp(6) = ¢]|0 — 6p|' 7 for all 6 € ©.
(A2) There exists n < 1+« such that
Ep [ sup |(My — Mip)(0) — (M — MP)(%N] < d"g(n), (26)
|6—60] <5
where E7[-] denotes outer expectation.
(A3) The initial estimator 6; satisfies EPH(MQ_MP)(é\l)_(MQ_MP)(90)| | (51] < h(n).

(A4) There exists v < 1 4 v such that

2 v
Ezs[ sup |V = Vool | < 6" guar(n) and

[0—60]|<d

(27)
Ep[|V;" = Vil [ 16:] < hvar(n).

(A1) quantifies curvature and implies that 0 is a strong global minimizer of Mp (Drusvy-
atskiy and Lewis, 2013). (A2) is a maximal inequality (van der Vaart and Wellner, 1996,
Section 2.3.1) reflecting the local complexity of ©; the outer expectation handles possible
measurability issues. For M-estimation (15) under independence, this is controlled via sym-
metrization and Rademacher complexity; under S-mixing, Dehling and Philipp (2002) is a
classical reference. (A3) quantifies the convergence rate of 0. (A4) places analogous con-
ditions on the variance estimator and is only needed for the CLT-based set. Randomness
of h(-) and hyar(-) is suppressed in notation. (A1) and (A2) are standard in M-estimation
theory (van der Vaart and Wellner, 1996, Theorem 3.2.5) and appear in Kim and Pollard
(1990) to distinguish regular from irregular estimators.

Theorem 5. Assume (A1), (A2), and (A8). For any e > 0, there exists C. depending
on € and cqo such that

Med

Diamy | (Cly ) < Cofg(n) /0770 4 h(n)1+7) (28)
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with probability greater than 1—e—pf(r). Under (A4) in addition, there exists C. ., depending
on g, a, and cqo such that

. —~CLT
Dlam” | (CIN,a)

(29)
< Ceo{g(m) 77D £ R()Y D) 4 g (n)VOF7) 4 B ()20}

with probability greater than 1 — e — B(r).

Theorem 5, via Theorem 1, extends to HulC under (A1), (A2), and (A3) alone, without
(A4). We remark on two features. First, Theorem 5 does not assume independence, specific
structure on Mp, or particular choices of é\l, Mg, 179,9/. Second, the diameter bound depends
on v and 7 despite the confidence sets being constructed without prior knowledge of them,
so the sets adapt automatically to the unknown curvature and local complexity of ©.

Remark 5. When ‘79790 is a sample variance, (A4) requires a control over squared empirical
processes. For uniformly bounded processes, the contraction principle (Ledoux and Talagrand,
2013, Theorem 4.12) transfers the bound in (A2) to (A4). For heavy-tailed processes,
(A4) typically requires stronger moment conditions. HulC' could be considered advantageous
relative to the CLT-based set in that it does not require (A4).

Remark 6. For brevity, the dependence of g and gear on § is suppressed in (A2) and
(A4). Slowly varying dependence on §, including poly-logarithmic factors, is permitted; see
Theorems 12 and 13 of KT26.

Remark 7. Although (A1) is stated globally, it typically holds only locally near 6y. Through
a slightly more involved argument, (A1) is relaxed to a local condition in Section 5.8 of KT26.

Remark 8. The dependence on « is made explicit in Theorem 13 of KT26, where it enters
as a multiplicative factor of log(1/a) on all terms, including the complezity-dependent ones,
i.e., g and Gyar. The resulting confidence set is therefore not sub-Gaussian in the sense of
Lugosi and Mendelson (2019). Constructing confidence sets with sub-Gaussian widths within
this framework remains an open problem.

5 Statistical Applications

This section provides statistical applications illustrating the results through both theory and
simulation. Throughout, we focus on high-dimensional or irregular M-estimation (15) with
unique minimizer §(P) = {6y} under IID observations. Theoretical results are stated for

—~Med
CIy ; simulation results are provided for all three confidence sets. We adopt N = 2n, r =0
with an even sample split. All proofs are presented in KT26.

5.1 High-dimensional mean

Setting. Consider IID obse£vations Z1, ..., Zyn € R? with mean 6, and covariance Yp. Let
Mp(8) = Ep | Z; — 63 and My() = n=" >, [ Z; — 0[3. As the initial estimator 6;, we use
the sample mean. A similar procedure was studied in Kim and Ramdas (2024).

Validity and diameter.
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Theorem 6. Let Z° = 2;1/2(Z —6y) and Ap = f”@l - 00|]2/(2HEPHI/2) There ezists a

universal constant C > 0 such that

—~Me 1 o 3
MCp(Cly) < % + Cmin{ L sWepe Ep[KZ7 ) ]} (30)

(1+A3)  Va(l+A})

Validity holds under either of two conditions. First, Ap B o0, which holds when H§1
Ooll2 > |Sp|les’ /v/n: under finite variance, this is easily satisfied for tr(Sp) » HZPHOP Second,
the CLT remainder vanishes when Ep[[(Z° u)|*] < o for all u € S¥1, ie., L3-Ly norm
equivalence. This condition is widely employed in high-dimensional statistics. This can be
relaxed to Lo, s-Lo norm equivalence for heavy-tailed observations.

Theorem 7. For anyn > 1, it holds that
, ~Med tr(Xp) A
DIELIIIH.”2 (CIN ) = Op T + Hel - 6)()HZ . (31)

The rate 4/tr(Xp)/n is minimax-optimal for mean estimation, confirming that the diam-
eter adapts to the intrinsic complexity of the problem.

Remark 9. Neither Theorem 6 nor Theorem 7 requires © to be finite-dimensional. The
derivations rely on X p being a covariance operator on an inner product space. The framework
can also be extended beyond inner product spaces, i.e., Fréchet mean problems. The analysis
is left to future work.

Improvement and computation. When the curvature Cp(f) is known or estimable, one
can construct tighter curvature-corrected sets:

/\Med,UCB A A~ ~ ~ ~
Cly = {9 €0 : My(0) — M,(8,) < —Cz(e,el)},
(32)
ACLT,UCB A A ~ ~ ~ A~
Cly, = {9 €0 : My(0) — M, (8,) < —Ca(6,0,) + zl_av;gf} ,
where @2(9 51) is a plug-in estimator of Mp(#) — Mp(é\l) based on Dy, and UCB stands for
—~Me C —~Hu C
upper confidence bound. HulC constructed from CIP;VdU * is denoted CIIJ{VSU B; see Section
6.2 of KT26 for details. R
For mean estimation, Cy(6,6;) = |0 — 91H2, s0 no estimation is required. The sets have

closed-form geometry and are easy to compute. Let 02 = arg mlngeRd MQ(Q) i.e., the sample
mean on Dy. The median set is a ball centered at 02 with radius Hé’g 91\\2; after curvature
correction, it becomes a ball centered at (6 + 65)/2 with radius |6y — 61 ]5/2. HulC is the
union of B balls with shared 8; and ég ) = arg Minyepa MQJ (0) constructed from each bin.

Figure 3 illustrates this for B = 4. An efficiently computable superset of the CLT-based set
is described in Section 7.1 of K'T26.

Simulation. We compare the CLT-based set and HulC against the asymptotic Wald interval
based on the chi-squared distribution, the bootstrap and the multiplier bootstrap, all applied
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Figure 3: Geometry of the confidence sets for mean estimation. Left: the large sphere is
—~Med,UCB

é\lpj\?d, and the gray sphere is CIy, . Right: HulC is the union of balls (dotted circles); the

—~Hull
large sphere is a simple superset of CI ]\1,1 .. » and the gray region is the corresponding superset
—~Hull,UCB
of Cly,  when B =4,

to the Lo-norm. With N = 300 and d € {2,...,200}, we generate X; ~ N(0,%) where
3 ; = 0.1, We implement the CLT-based set and HulC at o = 0.1 and @ = 0.5, with and
without curvature correction. Coverage and ratios of effective radius (i.e., geometric mean
of d radii) relative to the Wald interval are recorded over 500 replications; see S.9.1 of KT26
for further details.

Figure 4a displays the estimated coverage of all confidence sets. The Wald interval
undercovers severely as d increases, while all other methods remain valid. Figure 4b displays
the estimated effective radius ratio relative to the Wald interval. The curvature-corrected
median set achieves an effective radius comparable to the bootstrap methods despite having
an exact closed-form expression based on only two sample means (Figure 3). The displayed
effective radius for the CLT-based set and HulC are larger than those of the bootstrap
methods; this is because the ratio plotted corresponds to computable upper bounds, and the
actual confidence sets are smaller but harder to evaluate exactly.

5.2 High-dimensional regression with L, penalty

Setting. Consider IID observations (X[, Y))",..., (X, Yn)" € RYxR with positive definite
[p:=Ep[XXT"]. For A > 0, consider the optimization objective:

Mp(0; \) = Ep[(Y —07X)? ]+ A|0]; and My(0; ) = n! DY = 07X;)7 + A0];. (33)

iEIQ

We study inference for 6y, = arg mingega Mp(0; A). When A = 0, the minimizer 6y = 6,
exists even if Ep[Y;|X;] is not linear, but in general 6y # 6y, for A > 0. The median set is
constructed from My (6; \) for fixed A = 0.

Validity and diameter. Denote |U| . = (Ep ||U]7)"2.

(B1) There exist ¢, = 2 and L > 1 such that sup,.gi—1 HuTF;mXHqu < L.
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(a) Estimated coverage of the proposed sets, the Wald interval, and two bootstrap meth-
ods at the 90% and 50% nominal levels, as dimension increases.
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(b) Average effective radius ratio of each confidence set relative to the Wald interval, as

dimension increases.

Figure 4: Coverage and diameter bounds for high-dimensional mean.
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(B1) imposes an L, -Ls norm equivalence on covariates, allowing for heavy-tailed distribu-
tions and forgoing sub-Gaussian or sub-exponential assumptions. This condition is common
and mild in high-dimensional regression.

Theorem 8. Assume (B1) with ¢, = 4. Let Xp := Covp(X) and ey :=Y — 67, X. Suppose
there exist o,0,m > 0 such that 0> < Eple3] < 62 and n < )\min(F]_gl/QZpF;W). Define

Hp = Covp(Xey) and W° = H;1/2(X5)\ — Ep[Xey]). (34)

SUPyega-1 Bp[[(W°, wf’]
Vn(l+Ap)

) 2L2%5 ~
B =i {2 BB~ ol > o+

A (35)
A?D _ n|6y _fo,/\H%P .
452 + 2L4H01 — 907,\”%13
There exists a universal constant C > 0 such that
—~Med 1 1
PO < 5 {(HA%) } (36)

This result holds for any A > 0. As in high-dimensional mean, validity holds under
cither of two conditions. First, Ap & oo, which holds when [f; — 6, Alrp » @/4/n and
n » L*; for OLS this holds when both n and d are large regardless of thelr relative growth.
In partlcular validity holds for an inconsistent 6;. Second, H01 Ooxlr, 2 0 together with
Ep[[{We, u)]}] < oo for all u € S*1, i.e., Ls-Ly norm equivalence of the centered score, which
can be relaxed to Lo, s-Lo norm equivalence.

Theorem 9. Assume A =0 and (B1) with q, > 2. Suppose there exists a constant > 0
such that Ep[(Y — 0] ,X)?*] < &°. Then for n > Cy,d, with C,, depending only on s,

. —~Med 5’2d ~
DlamH.HFP (CIN ) = Op ( T + ||91 - (90‘1*})> . (37)

The rate 4/2d/n is minimax-optimal (Mourtada, 2022, Theorem 1). Existing confidence
sets, such as Chang et al. (2023), establish a similar diameter bound under d = o(n*?) by a
one-step bias-corrected method. A dimension-agnostic confidence set with minimax diameter
rate under Cy, d < n appears to be new.

For A > 0, we establish a deterministic bound that exhibits adaptivity to sparse submod-
els. Throughout, 6, is treated fixed, that is, all statements are conditional on D;. We follow
the geometric framework of Negahban et al. (2012). For S < {1,...,d}, its complement S¢,
and x € RY, x5 denotes x restricted to coordinates in S. Given 51 and S, define the restricted
star-shaped set:

C(f1,S) = {0 +ue R : Jusely < 3lush +4)@)sel } (38)
We then introduce the following assumption:
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(B2) Fix 0, and denote 'y = n1y
function 7 such that

o, X;X;". There exist a constant kg > 0 and a
2

u'Tou = kslul? = 7(n, d)|ul?> for all 8, + ue C(6y,5). (39)

(B2) is a version of the restricted eigenvalue (RE) condition of Loh and Wainwright (2012,
Definition 1). For sub-Gaussian X;, it holds with high probability whenever n 2 card(S)logd
with k5 & Amin(Ep[XsXJ]). See Lecué and Mendelson (2017) for RE conditions under weak
moment assumptions.

Theorem 10. Fiz 0;. For any \ satisfying A > An=H e, (Vi — éTX,-)XiHOO,

. ~Med . 3>\«/Card 4\ 9 c ~
Diamy.|,(CIy ) < 1r§f K—ISS + 01 — o5 |2 (40)

where the infimum is over all S < {1,...,d} for which (B2) holds.

When 6\ and 51 are well—approximated by an s-sparse vector, (@1)5(» is small for S =
supp(fp,»). Choosing A = 4/logd/n and 6, as the Lasso, the diameter bound scales like

v/ slogd/n. More generally, whenever 91 adapts to an approximately sparse model, the
resulting confidence set inherits the same adaptivity.

The condition A > 4n~"| 3, . (Y c/9\T X;)Xi| must be verified. This is satisfied with
high probability if the distributions of £, X and X are sub-Gaussian. We defer a full account
on the randomness from 6#; to future work.

Improvement and computation. The curvature satisfies Cp(6) > |6 — 6|7, with
equality at A = 0. The curvature-corrected sets (32) can be constructed by letting Cy (6, 60;) =
|0—6, H%z At A\ = 0, the resulting sets have the same closed-form ball geometry as in Figure 3,

with radii measured in [ - [ rather than |- [2. All sets and their diameters are therefore
efficiently computable.

Simulation. We conduct two sets of experiments.

First, set A = 0. The CLT-based set and HulC are compared against the asymptotic Wald
interval based on chi-squared, the bootstrap, and the multiplier bootstrap on the Ls-norm.
With N = 300 and d € {10,...,120}, we generate X; ~ N(0,%) with %;; = 0.1 and
Y; = 03 X; +¢&; with ; ~ N(0, |6) X;| +0.5). The CLT-based set and HulC are implemented
at @ = 0.1 and o = 0.5, with and without curvature correction, using OLS as 51. Coverage
and effective radius (i.e., geometric mean of radii) ratios relative to the Wald interval are
recorded over 500 replications; see S.9.2 of K'T26 for further details.

Figure bHa displays the estimated coverage of all confidence sets. The Wald interval un-
dercovers severely as d increases. The multiplier bootstrap also undercovers for large d, while
Efron’s bootstrap is conservative, consistent with empirically reported findings (El Karoui
and Purdom, 2018). The CLT-based set and HulC are valid but conservative; with curvature
correction, they achieve close to nominal levels. Figure 5b displays the estimated effective
radius ratio relative to the Wald interval. The curvature-corrected median set is comparable
in effective radius to the bootstrap methods and, notably, smaller than Efron’s bootstrap.
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Next, we conduct experiments with A > 0 and verify adaptivity to sparse submodels.
With N e {300, 500, 1000, 2000, 3000, 5000} and d = 5000, we generate X; ~ N (0, ;) and
Y; ~ N(0) X;,1) where 6 is s-sparse with s = |[n7| and v € {0.2,0.4,0.6,0.8}. The set
—~Med,UCB ~
Cly is implemented with A = 4/logd/n and 6; as the Lasso at the same A. The radius

~ —~Med,UCB
in a direction u € S¢! is estimated as the largest h > 0 such that 6, + uh € CI; ; the

maximum radius over 100 random directions is recorded. The empirical coverage and median
radius over 500 replications are recorded. Figure 6 shows that the confidence set remains
valid throughout, though conservative. The right panel shows that the median radius shrinks
at the different rates depending on ~, confirming adaptivity to the sparsity level.

5.3 Manski’s discrete choice model
Setting. Consider IID observations (X[, Y})",... (X3, Yy)" € R? x {~1,1} from
Y; :=sgn(f) X; + ;) where sgn(t)=21{t >0} -1 and med(g;]X;) = 0. (41)

Manski (1975) shows that 6y = arg ming.ga—1 Ep[—Y sgn(6" X)]. We construct the median
set by letting Mip() = Ep[—Y sgn(6" X)] and My(0) = n~" 3 },.,, —Yisgn(f' X;).

Validity and diameter. The following distributional assumptions are standard (Mukherjee
et al., 2021);

(B3) There exists ¢; > 0 such that ¢;6 — 6> < Pp (sgn(d7X;) # sgn(6] X;)) for all
0 eSSt

(B4) Let np(z) := Pp(Y = 1| X = z). There exist Cy > 0, t* € (0,1/2), and v > 0,
such that Pp (|np(X) — 1/2| < t) < Cot¥7 for all 0 < t < t*.

(B5) There exist Cy,Cy > 0 such that Pp (sgn(07X;) # sgn(6y X;)) < C1[0 — 6|2 for
all # € S¥!. Additionally, for some ¢ € (0, (t*)'*/7) and for all [0 — 6y, < 0,
Pp (sgn(f7X;) # sgn(6 X:)) < Coflf = bolly™

(B3) relates the covariate distribution to the geometry of the parameter space. (B4) is the
low noise (margin) assumption (Mammen and Tsybakov, 1999), quantifying the deviation
of the conditional class probability from 1/2 near the decision boundary; as v — 0, the
boundary becomes well-separated, representing the most favorable case for estimation. (B3)
and (B4) together give the lower bound Cp(6) = [0 — 6p|'™7; the additional (B5) gives
Cp(#) = |6 — 6p|'*7 locally. Existing inference methods for this problem require stronger
distributional assumptions on X and np(X), e.g., Patra et al. (2018, Assumption C3).

Theorem 11. Assume (B3). There ezists a universal constant C > 0 such that

wea. 1
MCp(Cly ) < 5 +Ep |min 1, ¢ . (42)

clnHél — 90”2
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Figure 5: Coverage and diameter bounds for high-dimensional OLS.
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Figure 6: The coverage and estimated radius of the confidence set with varying levels of
—~Med,UCB . o
sparsity s = n?. The results for CI, are displayed. Left: The empirical coverage shows

that the confidence set is valid, but conservative. Right: The estimated radius shows that
the confidence set indeed adapts to the sparsity of the population target.

Validity requires nHél — ), & ©. When 0, is a minimax-optimal estimator which
converges at rate (d/n)"(1*27) (Mukherjee et al., 2019, Theorem 3.1) or slower, the validity
holds as n or d grows. Validity also holds when 51 is inconsistent, e.g., the smoothed
maximum score estimator (Horowitz, 1992) with fixed bandwidth.

Theorem 12. Assume (B3), (B4), (B5). For all n large enough',
_ e dlog(n/d)\ " -
Diamy ., (C%%) = O ((#) 18— bl ). (13)

The rate matches the minimax rate (Mukherjee et al., 2019, Theorem 3.4) (up to a
logarithmic factor), confirming rate adaptivity through ~.

Computation. The confidence set has complex geometry due to the non-smooth objective.
We estimate the diameter via a geodesic-based sampling algorithm: for a direction v € R¢
with v L 6y, define a geodesic v(¢) = cos(¢)0; + sin(¢p)v through 0; and locate the boundary

—~Med
of CIy by bisection. Repeating over many directions estimates the diameter; see Figure 7
and Section S.9.3 of KT26 for details.

Simulation. We compare the CLT-based set and HulC against subsampling with estimated
rate (Bertail et al., 1999) and the bootstrap (included as a reference despite its known in-
consistency (Sen et al., 2010)). Given N = 200 and d € {10,...,90} (d < 50 for subsampling
and bootstrap), we generate X; ~ N'(0,%) where ¥, ; = 0.1F77!/d, and

P(Y; = 1| X;) = ®(sgn(fy X;) - |04 X:|"71), (44)

which approximately satisfies (B3)—(B5) with parameter v. Numerical studies use v €
{1/2,1,2}, corresponding to expected convergence rates, (d/N)Y?, (d/N)3, and (d/N)'® up
to logarithmic factors. We use the smoothed maximum score estimator (Horowitz, 1992) as 6,

If (B4) holds globally, we only require n > Cd for some constant C.
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Figure 7: Geodesic-based diameter estimation on 82; The green region is the boundary of the
confidence set; the red line is one geodesic through 6; and its intersection with the boundary
is found by bisection.

since Manski’s maximum score estimator is not computationally feasible in large dimensions.
The rest of the details can be found in Section 9 of KT26.

Figure 8a displays the estimated coverage of all confidence sets constructed at the 90%
nominal level. Both CLT-based set and HulC remain valid throughout, yet they become
more conservative as d grows. On the other hand, the validity of the comparative methods
depends significantly on dimension and curvature.

Figure 8b displays the average estimated diameter of each confidence set. The slope of
each line corresponds to the exponent in the rate of convergence, with theoretical values
1/2,1/3, and 1/5 for v = 1/2,1, 2 respectively. The slope shown for the CLT-based method
is computed based on d < 50 via linear regression. The observed rate of the diameter scales
similarly to the theoretical rates.

6 Concluding Remarks

This manuscript studies a general framework for constructing confidence sets for solutions
to stochastic optimization, based on risk inversion and sample splitting. A key feature of
the framework is dimension-agnostic validity, which remains in force in high-dimensional
and irregular settings where standard asymptotic theory breaks down. The framework is
analyzed through a unified treatment of validity, conservativeness, and diameter bounds.
The theoretical results are illustrated through three applications: high-dimensional mean
estimation, high-dimensional linear regression with and without L, penalization, and Man-
ski’s discrete choice model. In each case, the proposed sets achieve minimax-optimal or
near-optimal diameter rates. Several guarantees appear to be new: dimension-agnostic va-
lidity with 4/d/N diameter rate for misspecified OLS under weak moment conditions; honest
inference for population Lasso programs without model correctness; and an adaptive diam-
eter bound for Manski’s discrete choice model that reflects the unknown margin parameter.
Several directions remain open. First, semiparametric problems: when the target is a
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functional of a higher-dimensional nuisance parameter estimated in a first stage, it would be
of interest to understand whether the framework can recover the elbow between parametric
and nonparametric rates. Second, removing sample splitting: it remains open whether split-
ting can be avoided using tools from algorithmic stability or differential privacy, which offer
alternative decoupling mechanisms without discarding data. Third, sub-Gaussian widths:
constructing confidence sets within this framework that achieve sub-Gaussian diameter
bounds in the sense of Lugosi and Mendelson (2019) remains open.

7 Selected Proofs

Proof of Theorem 2. The first bound follows from Chebyshev’s inequality and Berbee’s cou-
pling lemma (Thm 1, KT26). For the second bound, iterative Berbee’s coupling lemma gives

MCp(é\II;\zlal/i) < Ep[pl ] + BA(r) (Thm 5, KT26). Applying In(1 + z) < z yields

1 1
Inp? < Bln§ + 2B ( - 5) where B = [log,(1/a)],
+

and exponentiating gives the result. O

Proof of Theorem 3. The result follows from Cantelli’s inequality and Berbee’s coupling
lemma (Thm 2, KT26). O

Proof of Theorem 4. We provide the result for & = 1/2. On D; and fixed 0, € 6(P),
—~CLT ~ ~ ~
P(6 ¢ Cly,,|Di) = P (I\\/JIQ(HO) — M,(6)) = O|D1>

(M2 — Mp)(6) — (Ma — Mp)(91) AplDy | < B(Ap) + CKp(bo, 61)

_p p i
‘/at/iﬁl V(L +[Ap]?)

where the first inequality follows from Assumption 1. The result is obtained by taking
expectation over D; during which we apply Berbee’s coupling lemma at the expense of 5(r)
term. See KT26 for a formal argument. O]

Proof of Theorem 5. The bound (28) is a special case of Theorem 12 of KT26. Setting r,
such that

rtr 0 g(n) = 1 =, = {g(n)) T,

the final rate is given by r2/ ") = ¢(n)V/0+71) Setting s, = h(n),
Pp(|(Mz — Ma)(01) — (Mz — My)(00)| = €~"h(n) | 6) <.

This yields the term h(n)*(+7) in (28). The bound (29) follows analogously from Theorem
13 of K'T26. [
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Proof of Theorem 10. Denote L(6) = n* Yier,(Yi — 07 X;)? and introduce the short-hand
notation ug = Ilg(u) where Ilg(u) := arg min, g ||u — v|2. Then it follows that

—~Med ~ ~n )
Cly = {9 €0 : Ly(f) + N0y < Lo(61) + A\Ifhlh}

1} < =M{]use

. \ .
= {Bi+uce: ~Sllusl: + Jus (= lusls — 200 Gl }

—{h+ue®: Jusel < Blus i + 45 ()1 }

where the inclusion follows from (Negahban et al., 2012, Lemma 3) under (B2) and A >
An=H Yer, (Vi — é\lTXi)X,-HOO. Denoting 6 = 6; + u, for any 6 € (/]\I?\?d it holds that

Ls(8) + N|6]1 < L5(8:) + |61
— wglul? = 72(61) < 3A|us|s + 4N Tse (B) 1 — Ause

Rs 2

Ks

1

= 0< —rs (IIUII% -

where we used |ull; < 4/s|lufs for all w € S. This inequality cannot hold for [ju], large,
and for such |ul2, 61 + u will not be in the confidence set. Specifically, we can show that

~ —~Med
91 +u ¢ CIN if

3M/s . AN|Tge (6)))
Rg Ks

Jul2 =

Hence we deduce that (/?\IP]’IVed is contained in a ball, centered at 51 with radius given by the
RHS term of the above display. m
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