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I I This manuscript studies a general approach to construct confidence sets for the

solution of population-level optimization, commonly referred to as M-estimation. Sta-
tistical inference for M-estimation poses significant challenges due to the non-standard
limiting behaviors of the corresponding estimator, which arise in settings with increas-

o o
ing dimension of parameters, non-smooth objectives, or constraints. We propose a
simple and unified method that guarantees validity in both regular and irregular cases.
- Moreover, we provide a comprehensive width analysis of the proposed confidence set,
showing that the convergence rate of the diameter is adaptive to the unknown degree of
instance-specific regularity. We apply the proposed method to several high-dimensional

and irregular statistical problems.
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Inference on Median

Observe IID real-valued RV.s X, ..., X and estimate ; = med(X).

Use the sample median as an estimator i, = X, 27,

How do we construct a confidence interval?

1. nl/z(ﬂn — I) 4, N (O,l/(4f2(,u))) where f(1t) > 0 is density at median.

d
2. nVP (i — u) — W(S) where W(f3) is not Gaussian (Smirnov, 1952) and /3
is the Holder smoothness of CDF at 1 (When /5 = 1, it reduces to the first case).

Inference based on asymptotic normality requires (1) > 0; otherwise, we need to
know the precise value of /3.
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Many estimators display similar irregular behaviors where “limiting” distributions are
non-standard, complicated or unknown (without additional assumptions).

ex) Median [ quantile.
ex) Shape-restricted estimators and classification (Kim and Pollard, 1990).

ex) High-dimensional problems.

Statistical inference for these irregular problems are known to be challenging.
Asymptotic normality does not hold. Bootstrap is usually inconsistent.
Typically, you have to change the methods between regular and irregular cases.

Q. Can we come up with a single confidence set that remains valid for

for both regular and irregular settings?




Observe X, ..., X & 2 from a distribution P € 9. Let O be a space of parameters.

. A~ 1
0p = argmin E[m(X; &)] and 6, = argmin — Z m(X:; 0).
0O oce N,
ex) Regression, maximum likelihood, cross-validation.

ex) Quantile estimation, shape-restricted estimation, classification.
ex) High-dimensional problems where the “dimension” d of ® grows with 7.



Observe X, ..., X & 2 from a distribution P € 9. Let O be a space of parameters.

A 1 L
0p = argmin E[m(X; 0)]and 6, = argmin — Z m(X:; 0).
0O oce N,

ex) Regression, maximum likelihood, cross-validation.

ex) Quantile estimation, shape-restricted estimation, classification.
ex) High-dimensional problems where the “dimension” d of ® grows with 7.

The goal is to construct a confidence set CI,, , for €/, with the following properties:

1. Uniform validity over &, including both regular and irregular cases, i.e., int P(0, € CI, ) > 1 —«a
PP ’

2. Optimal and adaptive convergence rates of the diameter of CI,,



2.Proposed Procedure



Observe X, ..., X, € X from a distribution P € 2. Let O be a space of parameters.

The parameter of interest is @, := argmin E[m(X; 0)].
0O

1. Split data {Xi}izj1 into two sets DD, and D,.Using D, construct any estimator 0.

2. Foreach € ®and X; € D,, define & := m(X; 0) — m(X;; (/9\).

3. Let é? and 5 be the sample mean and variance of £; computed on D,

4. The confidence setis defined as CI,, , 1= {£ < n 2z, 6 :0€®)wherez,_, isl —a

quantile of the standard Normal.
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Observe (X, Y)),....(X,, .Y, ) € R?x R from a distribution P € 2. Let © be a space of parameters.

Define 0, := argmin E[{Y — 8(X)}* + A(0)].
0c®

A

Split data { (X, V) }1.221 into two sets D, and D,.Using D, construct any estimator 0.
Foreach € ®and (X, Y, € D,, define &, := [ Y, — O(X)}* — [V, — (/9\(Xi)}2.
Let £ and 5~ be the sample mean and variance of ¢;based on D,

The confidence set is defined as CI,, , := {& + A(6) — A( 0) < n~1%z,_ 6 :0€0)

> W N
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/\

This idea is not new (Vogel, 2008), but we use sample-splitting to estimate 6.
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3. Theoretical Properties



Uniform Validity
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Uniform Validity

Recall & := m(X; 0) — m(X:; (/9\). Let £ and 5 be the sample mean and variance of E..
The Clis definedas CI,, , == {£ <n~"*z,_,6 : 0 € O}

Define &p ; := m(X;; 0p) — m(X;; 0) and similarly for Epand 67,

Denote the Kolmogorov-Smirnov distance by A, p := sup |P(n""*(&p — E[Ep])/ 6 p < 1) — O(2)
where ©(7) is the CDF of the standard Normal. teR

Theorem 4

Forany n > 1,itholds int P(0,€Cl ) >1—a—sup A, ..
Pe>r ’ Pep ’

We show conditions under which A, , — Oasn — oo uniformly over &°. This holds
under mild assumptions on P, including the cases traditionally considered “irregular”.
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Convergence Rates

Let Diam;, (A) := sup{|la = b|| : a,b € A}.

Theorem 8 (informal)

Foralld € ©®,

(1) Curvature condition: E[m(X; 0) — m(X; 0p)] > ¢;||0 — 0] 1/ for some 5 > 0.
(2) Variance condition: Var[m(X; 0) — m(X; 0,)] < ¢,||0 — 0,||”" forsomen < 1 + f3.

Then, we have Diam, ,(CI, ) = Op(n~1@H2=20) o pVAAP) 4 o VD))
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Then, we have Diam, ,(CI, ) = Op(n~1@H2=20) o pVAAP) 4 o VD))

r, depends on the complexity of ® and the moments of the local

envelope sup |m(X;0) —m(X;0p)]
[60—=0pll <6
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Convergence Rates

Let Diam;, (A) := sup{|la = b|| : a,b € A}.

Theorem 8 (informal)

Foralld € ©®,

(1) Curvature condition: E[m(X; 0) — m(X; 0p)] > ¢;||0 — 0] 1/ for some 5 > 0.
(2) Variance condition: Var[m(X; 0) — m(X; 0,)] < ¢,||0 — 0,||”" forsomen < 1 + f3.

Then, we have Diam, ,(CI, ) = Op(n~1@H2=20) o pVAAP) 4 o VD))

Regular (smooth) problems correspondto# = / = 1, leading to Op(n_l/z).

So-called “cube-root” problems correspondto# = 1/2 and ff = 1, leading to Op(n_1/3).

Median estimation corresponds to 7 = 1, leading to OP(n_l/(zﬂ)).
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4. Statistical Applications



Assumption-lean Regression

Observe (X, Y))...,(X,,, Y, ) € R?x R from a distribution P € 2
Y. =0, X, + ¢ where E[¢,X;] = 0Oand E[e7 | X] = o7

The target parameter is 0, := arg min E[(Y — 0 X)].
HcR?

- O exists without making the linearity assumption for E[ Y | X ]
-Weallowd — coasn — o
We define the confidence setas CI, , : = {E<n 1" Z{_,0 . 0€E R}

where &, == [Y. — 0'X.}* — [V, — ‘/9\ N

15



Assumption-lean Regression

Denote the gram matrix I := E[XX '],

Assume

(A1) 0 < Ll < /lmin(FP)’ /Imax

(FP)S/I_<00.

A2)0 <o <o <o<ooforalll <i<n.

(A3) There exists L. > 1 such that (

_[ ‘ ITX‘4])1/4 < L(

Theorem 11 (informal)

=l tTX\z])l/zforaII te S

(A4) The CLT holds for the RV.s (7, €.X:) (e.g., the Lindeberg condition).

(A5) The initial estimator @ is uniformly consistent for all P € .

Then, lim int inf P(6, € Cl, ) 21— a.

n—-oo Pedp

16



Assumption-lean Regression

Denote the gram matrix ', := E[XX'].

Theorem 12 (informal)

Assuming (A1)-(A3) and assume 9 is the ordinary least squares (OLS).
When d log*(d) < n,

Diam, (Cl, ,) = Op (\/ Eztr(FP)/n)
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Assumption-lean Regression

Denote the gram matrix ', := E[XX'].

Theorem 12 (informal)

Assuming (A1)-(A3) and assume 9 is the ordinary least squares (OLS).
When d log*(d) < n,

Diam, (Cl, ,) = Op (\/ Eztr(FP)/n)

This result is minimax-optimal (Mourtada, 2022).
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5.Summary



We introduced a general framework to perform statistical inference on the
solution of optimization problems (M-estimation) based on sample-splitting.
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We introduced a general framework to perform statistical inference on the
solution of optimization problems (M-estimation) based on sample-splitting.

Despite irregular nature of the problem, we provide the confidence set that
remains uniformly valid for both regular and irregular cases.

The validity is agnostic to the dimension of the problem and the choice of the
Initial estimator.

The width of the confidence set converges adaptively to the local geometric
features of optimization (curvature and variance).
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This talk focused on the CLT-based approach but the manuscript also
develops an approach based on concentration inequalities.

20



This talk focused on the CLT-based approach but the manuscript also
develops an approach based on concentration inequalities.

More examples in the manuscript (Manski's estimator [ quantile estimation)
demonstrate the validity and optimality of the proposed method in some
challenging inference problems.
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